Abstract. We review recent advances in the full counting statistics of a generic transport model of a quantum Brownian particle. The model applies to charge transfer through an impurity embedded in a Luttinger liquid environment, to a coherent one-channel conductor in a resistive environment, and to a resistively shunted Josephson junction device. We derive analytic expressions for the cumulant generating function (CGF) at two particular values of the Luttinger parameter which are related by self-duality. We determine the self-duality relations between the CGFs and between the cumulants.
Introduction
The existence of exactly solvable models makes one-dimensional (1D) systems an attractive playground for application of new concepts in condensed matter physics. By now, the originally purely academic interest has turned into applied physics as 1D metallic wires have become widely used in laboratories.
The physics of 1D metals is drastically different from the usual physics of conductors in 2D or 3D since the Fermi liquid behaviour is abrogated by the electron interaction. The generic features of 1D interacting systems are well described in terms of the Tomonaga-Luttinger liquid (TLL), of which a convenient field-theoretical formulation has been given by Haldane [1] . Since it turns out that the generic interaction in the TLL universality class is the short-ranged δ-potential, all effects of the spinless electron-electron interaction are captured by a single dimensionless parameter g.
A sensitive experimental probe of a Luttinger liquid state is the tunnelling conductance through a point contact in a 1D quantum wire [2] . The differential conductance is a power law of the applied voltage or temperature, depending on which is larger. This is due to the formation of a highly correlated collective state. The exponent of the power law is related to the interaction parameter g. Of interest are also the dc nonequilibrium current noise and cumulants of higher order.
3
The generic model is a quantum impurity embedded in a Luttinger liquid environment (QI-TLL model). Tunnelling of edge currents in the fractional quantum Hall (FQH) regime provides another realization of a Luttinger phase.
The availability of exact solutions of the QI-TLL model makes 1D quantum wires very interesting for the growing field of full counting statistics (FCS). Higher moments of the current give additional information on the physical processes involved in the quantum transport. Knowledge of all the cumulants then allows a reconstruction of the probability distribution of the charge transferred. The nature of the entity transferred through a point-like scatterer may depend on the parameter regime of the model. For instance, in FQH samples in the strong-backscattering limit, the tunnelling entities are physical electrons. In the weak-backscattering limit, on the other hand, Laughlin quasiparticles of fractional charge are tunnelling independently.
Here, we review and exploit the analogy between seemingly different models: (i) a quantum Brownian particle in a tilted periodic potential, (ii) a resistively shunted Josephson junction, (iii) a quantum impurity in a Luttinger liquid, and (iv) a coherent conductor in a resistive electromagnetic environment. In fact, all these models are directly related to each other. In addition, within each of these models the regions of weak and strong tunnelling are related by self-duality. We shall work both in bosonic and fermionic representation. We shall put emphasis on the particular values g = 1 2 and g = 2 of the interaction parameter. For these cases, we shall present the solution in analytic form for the charge transfer statistics. As a new result, we give duality relations for the FCS at general temperature and bias.
We introduce in section 2 the dual representations of the Brownian particle model, setup the relevant self-duality relations, and give a simple access to the powerful boson-fermion correspondence. In section 3, we present the related models mentioned before and give the correspondence relations with the Brownian particle model. The exact analytic solutions for the charge transfer statistics of the dual models for the special coupling strengths g = 1 2 and g = 2 are presented in sections 4 and 5. Finally, we show in section 6 that our findings are in correspondence with the analytic solution found via refermionization of the QI-TLL model.
Brownian particle in a tilted corrugated potential
A quantum Brownian particle in a periodic potential is a key model for many transport phenomena in condensed matter. Of particular interest is the case of ohmic dissipation in which the regions of weak and strong corrugation are related by an exact self-duality.
The dual representations
A Brownian particle moving in a tilted, sinusoidally corrugated potential and bilinearly coupled to a bath of harmonic oscillators may be described by the translational-invariant Hamiltonian
The 'weak-binding' form (1) is the convenient representation for a perturbative expansion of transport quantities in the corrugation strength V 0 .
In the tight-binding regime T /ω 0 , F X 0 /ω 0 1 V 0 /ω 0 , where ω 0 is the level distance in the individual well regimes in harmonic approximation, only the lowest energy band is
The ohmic tight-binding and weak-binding models (1) and (2) are related by a self-duality symmetry, as noted first by Schmid for the equilibrium density matrix at T = 0 [3] . Two years later, the duality was proven to hold also at finite T and real time [4] . Subsequently, it was shown that the two representations can be mapped exactly on to each other [5] . In the mapping, sub-ohmic spectral density G(ω) ∝ ω s (s < 1) maps on super-ohmic coupling, G(ω) ∝ ω 2−s , and vice versa, while ohmic (s = 1) maps on ohmic. In the ohmic scaling limit, G(ω) ∝ ω in the range ω ω c , where the cut-off ω c is very large compared to all the other frequencies, ω c , V 0 , , T , the duality becomes an exact self-duality, in which the coupling strength maps on the inverse of it. Upon introducing the usual dimensionless coupling
where η is the ohmic viscosity, we have
and X 0 /q 0 = K WB = 1/K TB . In the following, we choose the convention K = K TB .
Computations are conveniently performed in the discrete TB model. With use of the selfduality, the results can then easily be transferred to the dual WB model.
In FCS, the quantity of interest is the moment generating function (MGF) Z(λ, t), which is the Fourier transform of the particle's population distribution P n (t) of the TB sites labelled by the integer n. We have
Here, q m (t) = n (q 0 n) m P n (t) is the mth moment and q m (t) c is the mth cumulant of the distribution. In the diffusive limit reached at long times, the population dynamics is governed by the set of master equationṡ
where k ± is the weight per unit time for direct forward/backward (+/−) transitions by sites. The cumulant generating function (CGF) ln Z(λ, t) is found from equation (9) as
Thus in the diffusive regime, all cumulants depend linearly on time t,
The first cumulant yields the average particle current, I = q(t) c /t. The second one gives the nonequilibrium diffusion coefficient or dc current noise. The third cumulant (skewness) provides information about the leading asymmetric deviation from the Gaussian distribution, while the fourth cumulant is a measure for the sharpness of the distribution compared to the standard distribution.
Exact formal expressions for the transport dynamics
The most powerful tool to calculate the MGF is the nonequilibrium Keldysh or FeynmanVernon method. The expansion in the number of the particle's transitions leads us in a natural manner to the so-called Coulomb gas representation, in which the effects of the environment are in the complex charge pair interaction
For the ohmic spectral density (7) with exponential cut-off at frequency ω c , the pair interaction takes the form
The Coulomb gas representation of the MGF reads [6, 7] Z(λ, t) = sin λq 0 2
where the integration symbol denotes time-ordered integration,
The sum {ξ j } m is over all sequences of 2m charges ξ j = ±1 with over-all charge neutrality, 2m j=1 ξ j = 0, which is indicated by the prime. Charge neutrality holds because each path contributing to the MGF starts out from a diagonal state and returns to a diagonal state of the reduced density matrix (RDM). The cumulative charge
counts the distance from the diagonal axis of the off-diagonal state reached after j transitions. The influence of the bias and of the quantum noise induced by the environment are in the function
Every individual charge sequence together with its charge-conjugate counterpart gives a real contribution to Z(λ, t). Explicit forms for moments follow from the expression (14) upon differentiation,
For the most interesting cases N = 1 and N = 2, we get
Self-duality
A central transport quantity is the normalized nonlinear mobility or conductance M = µ/µ 0 , where µ 0 = 1/η is the mobility in the absence of the potential. We have
Self-duality between the WB-and TB-models yields a concise relation between the tunnelling matrix element and the corrugation strength V 0 [7, 8] 
Inversion of this relation yields the same form with 1/K substituted for K ,
Self-duality is most conveniently expressed in terms of a universal renormalized energy scale sd chosen symmetrically both to and V 0 . We put
Elimination of sd in the expressions (23) yields again the relation (21) or (22). With use of the universal energy scale sd , the nonlinear normalized mobility completely loses dependence on the particular model and the self-duality relation reads
This relation forms a connection for mobilities both between and within the TB-and WBmodels. In the self-dual mapping, both the ohmic viscosity η and the biasing force are invariant. Because the lattice period transforms as X 0 ↔ q 0 /K [7] , where K = K TB is defined in equation (6), we have in the self-dual mapping K ↔ 1/K and ↔ /K . 
Boson-fermion correspondence
Consider now first the mean particle current in the weak-tunnelling limit. The contribution of order 2 found from the expression (18) with (19) may be written as
where P(± ) is the spectral probability for emission/absorption of energy to/from the thermal bath. It is the Fourier transform of the correlation function e −J (t) ,
The current in the ohmic regime was discussed first in [9] . Suppose now that the spectral density of the environmental coupling has two contributions, where the first is ohmic and the second one is unspecified environmental,
We now rewrite the ohmic factor as e −J ohm (t;K )
= e −J ohm (t;K /2) e −J ohm (t;K /2) and employ for each factor an intriguing integral representation holding for the form (13) of the pair correlation function,
where f (ω) = 1/( e ω/T + 1 ) is the Fermi function, and
With this, the current (25) may be rewritten in the form
This formula has a neat interpretation. The integrand represents the spectral density of a fictitious fermionic entity for an occupied state at energy ω on one side of the barrier times the spectral density for an empty state at energy ω on the other side of the barrier times the spectral probability P env (ω ± − ω ) that the environment absorbs the amount of energy ω ± − ω . For K = 1 in equation (27), the tunnelling density of states is constant, D(| ω|; 1/2) = 1. Thus for K = 1, the expression (30) is the current-voltage characteristics of non-interacting electrons in the Coulomb-blockade regime in the presence of an electromagnetic environment G env (ω). In the correspondence, q 0= e, = eV and π 2 2 /ω 2 c= R K /R T , where R K = 2π/e 2 is the resistance quantum and R T is the tunnelling resistance.
From this simple study we may draw two important conclusions. (i) Tunnelling of noninteracting fermions is like tunnelling of bosons, where the latter are additionally coupled to an ohmic environment with coupling K = 1. (ii) For K > 1, the bosons are mapped on interacting electrons with repulsive interaction (see below). We shall see below that these findings are valid in all orders of the tunnelling coupling. 
Josephson junction dynamics
The first term describes the charging energy. The second term represents tunnelling of Cooper pairs through the junction. The third term describes the coupling to the electromagnetic environment modelled by a set of LC-circuits and also includes the applied voltage. The phase correlation function J ψ (t) = [ ψ(0) − ψ(t) ] ψ(0) β takes the form (12) with the spectral density
where
is the total impedance seen by the junction, and
2 is the resistance quantum for Cooper pairs. For a resistive impedance, Z = 1/R, the spectral density takes the form Re Z t (ω)
where ρ = R/R Q and ω R = 1/RC. This yields
The first term in equation (34), which is given in (13), describes the resistive environment. The logarithmic term takes into account the change of the cut-off frequency from ω c to ω R , and ζ accounts for the algebraic cut-off in the spectral density instead of the exponential cut-off implicit in the form (13) . These expressions show that the model (31) directly corresponds to the model (2). The correspondence relations are
In the opposite limit of large Josephson coupling, it is appropriate to employ a basis of discrete phase states,
9 whereQ is the quasi-charge. Assuming that the junction dynamics is confined to the lowest energy band of width U 0 , we arrive at the Hamiltonian
where U 0 is the Bloch band width. The relevant normalized charge correlation function in thermal equilibrium JQ(t) = (π/e) 2 , [Q(0) −Q(t)]Q(0) β has again the form (12) with the spectral density GQ(ω) = 2R Q Re Y t (ω) ω. For a resistive environment, the pair correlation function takes the form
The model (38) is self-dual to the model (31). Hence there is again a universal energy scale sd which is expressed in terms of the parameters of the two models as 2−2ρ sd
Quantum impurity in a Luttinger liquid
We have seen in section 2.4 that tunnelling of interacting fermions can be mapped on tunnelling of bosons in an ohmic environment. This correspondence is advantageous in a study of quantum impurity models. The low-energy modes of the 1D interacting electron liquid are conveniently treated in the framework of bosonization [11] . The creation operator for spinless fermions may be written in terms of bosonic field operators φ(x, t) and
. The ground state of 1D interacting spinless electrons is a TLL. The generic interaction of the TLL universality class is effectively given by a δ-potential yielding the interaction term H I = U dx dy ρ(x) δ(x − y) ρ(y). In the TLL, the electron interaction is characterized by a single dimensionless parameter g = 1/ √ 1 + U/πv F . Excitations of the liquid are described by the generic harmonic Hamiltonian
A hopping term of the form
represents a single strong point-like impurity. This term induces a jump of the φ-field at the impurity,φ = 
In the φ-representation, the tunnelling term reads
Here, we have included a voltage term. Adding the terms describing the harmonic liquid in the right/left (±) lead, we get the weak-link Hamiltonian (φ-model) [ 
Upon integrating out the harmonic modes in the leads, the correlator of the tunnelling degree of freedomφ is found as
A single weak impurity is modelled by the Hamiltonian H sc = dx V (x)ψ † (x)ψ(x), where V (x) is the scattering potential. For a point-like scatterer at x = 0, the contribution describing 2k F -backscattering takes the form H sc (θ) = −V 0 cos [ 2 √ πθ ], whereθ = θ(0). With the lead and voltage term added, the weak-impurity or strong-tunnelling Hamiltonian (θ-model) is
Again it is straightforward to integrate out the harmonic modes in the leads. This yields for the phase correlator of the scattering degree of freedom the expression
The φ-model is self-dual to the θ-model, and vice versa. They directly correspond to the TBand WB-models discussed in section 2.1. In the correspondence, we have
We also infer from this correspondence that the parameters of the φ-and θ -models are related to the universal energy scale sd by
Since the correspondences are valid for the Hamiltonians, or the effective actions [7] , they hold not only for the mean current but also for all statistical fluctuations [12] . The correspondences also hold for the FCS of tunnelling of edge currents in FQH systems, where the fractional filling factor ν corresponds to g (see e.g. [13] ).
One-channel coherent conductor in a resistive electromagnetic environment
The findings of section 2.4 indicate that a coherent one-channel conductor under influence of a resistive electromagnetic environment can be mapped on a quantum impurity embedded in a TLL. The mapping has been proven by Safi and Saleur [14] . A mesoscopic conductor in contact with an electromagnetic environment forms a quantum system violating Ohm's law. Transfer of energy from the electrons to the environment leads to dynamical Coulomb-blockade, which reduces the current at low voltage. Following the treatment given in the preceding subsection, the relevant Hamiltonian is found to read
Combining the electronic phase φ with the electromagnetic phase ϕ into the phase χ = 2 √ π φ − ϕ, one finds that the equilibrium autocorrelation function for a resistive environment with impedance R = α R K is given by (as anticipated in section 2.4)
where J ohm (t; K ) and ζ are given in equations (13) and (35). The Hamiltonian of the corresponding strong-tunnelling conductor is
Now, the phases θ and ϕ are combined to ϑ = 2 √ π θ − ϕ . The relevant phase correlation function is
Thus we find that the two representations of the coherent conductor are self-dual to each other and that they can be mapped on the models described before. In the mapping to the Brownian particle model and to the quantum impurity system we have
These correspondence relations hold both for the weak-and strong-tunnelling representations.
The case
We now present the analytic solution for the transport statistics for a particular value of the dissipation strength. We employ the notions and quantities of the Brownian particle model. The universal energy sd is related to the TB-and WB-parameters as
With the correspondence relations given above, translation of the exact results found in this section into corresponding solutions of the related models discussed in the preceding section is straightforward.
Cumulants in bosonic representation
, the Coulomb gas representation of the moments (18) with (19) can be evaluated in analytic form using the concept of 'collapsed' dipoles [6, 7] . For modest N , the evaluation is reasonably simple. The calculation is done by putting K = 1 2 − κ and eventually taking the limit κ → 0.
Consider now first the mean current. We see from the form (19) for the coefficient b
that each intermediate state which has even cumulative charge, p j = ±2m, m = 1, 2, . . ., is weighted with a factor κ. On the other hand, the integral over the length of a dipole has a short-time singularity,
− κ) ] ∝ 1/κ. Thus, in the limit κ → 0, only those charge sequences in which the singularities balance the zeros contribute to the current. The remaining charge sequences are
and the respective charge-conjugate counterparts. The intermediate dipoles have zero dipole length. Therefore, they are noninteracting. The grand-canonical sum of the collapsed dipoles in the interval τ yields the form factor U cd (τ ) = exp(− sd τ ), where sd = π 2 /ω c . Thus, the mean current is determined by the remaining extended dipole being dressed with the form factor U cd . Put into mathematical terms, we have
The calculation of the second moment is more subtle, because of the cosine factor in b
in equation (19) . Now, there are six arrangements of extended dipoles. They are The arrangements (b) and (c) yield the subtraction terms which arise when one turns from the moment to the cumulant. However, they also contain irreducible parts which contribute to the cumulant. Details of the calculation are reported in [15] . The resulting expression for the second cumulant can be written in terms of derivatives of the current. We get
The third moment is represented by extended dipoles (made up of six charges) with zero, one and two intermediate visits of a diagonal state of the RDM. Now, the first, third and last (fifth) intervals are dressed with a form factor of collapsed dipoles. The calculation is straightforward but tedious. The ensuing expression for the cumulant can be expressed again in terms of derivatives of cumulants of lower order. We obtain
Cumulants in fermonic representation
It has been realized by Guinea [16] (see also [2] ) that the TB model (2) at the Toulouse point K = 
With use of (56) the current (53) can be rewritten as the frequency integral
The interpretation of this expression is straightforward. The quantity N ± (ω, ) represents the spectral weight for right/left-moving fermions for an occupied state on the left/right side and an empty state on the right/left side of the barrier. For convenience, we now introduce the linear combinations
(58)
The functions T (ω) and R(ω) represent the spectral transmission and reflection probability of the fermionic entity at frequency ω, T (ω) + R(ω) = 1,
In the same way, the second and third cumulants (54) and (55) take the form
FCS
In the previous subsection, we have seen that the current of the bosonic transport problem at K = 1 2 can be mapped on one of the free fermions. In the light of this, it is quite natural to conjecture that the CGF is given by the Levitov-Lesovik expression [17] ln Z(λ, t) = t
In fact, the CGF (62) reproduces the cumulant expressions (57), (60) and (61).
The case
In the preceding section, we have established the FCS in analytic form for the special case
. Equipped with this solution, the case K = 2 can now be tackled without costly calculation. We see from the relation (24) that in the mapping K = 
The last relation is because the force F = /q 0 is invariant in the mapping. The Kondo scale sd is related to the parameters of the TB-and WB-models by
Current
By virtue of the self-duality relation (24), the current is found from equation (53) as
One remark is appropriate. The weak-tunnelling series of the current I for K = 1 2 emerges from the Taylor expansion of the expression (53), sd /2π T 1. By contrast, the weak tunnelling series of the current I for K = 2 corresponds to the asymptotic expansion of the expression (65), sd /2π T 1. For this reason, it would be entirely nontrivial to extract the expression (65) from the Coulomb gas representation (18) .
The fermionic representation of the current (65) analogous to the form (57) is
where f ± (ω, λ) is the Fermi function with shifted Fermi energy ω
where R(ω) is the reflection coefficient given in equation (67). This expression is not just yet in the form (74). The difference from the expression (78) is (i) the contribution Z 0 (λ, t), (ii) the occurrence of the reflection probability R(ω) instead of the transmission probability T (ω), and (iii) the shift of the Fermi energy by the counting field λ. It has been shown in appendix C of [20] that expression (78) can be cast in fact into the form (74). This is achieved by writing ln Z 0 (λ, t) = t (e 2 /4π)(i V λ − T λ 2 ) as ln Z 0 (λ, t) = t 
This confirms our earlier result (74) by a different approach.
Conclusions
We have reviewed a generic model for transport of a charge or a particle coupled to an ohmic environment. We have presented diverse applications of this model in which the tunnelling entity is either a boson or a fermion. We have determined the FCS of this model for two particular values of the interaction strength. We have found the dual mapping relation for the CGF. The analytic expressions cover the entire regime from weak to strong tunnelling. We have utilized self-duality in order to construct the solution for the CGF at K = 2 from the solution for the CGF at K = 1 2 . When the cut-off ω c is a relevant frequency scale, strict selfduality is broken. In this case, there is still a dual mapping between the TB-and WB-models, but the respective spectral densities of the coupling have different frequency behaviour. This has been discussed for the ohmic case in [4] , and for a sub/super-ohmic spectral density in [5, 7] . One finds that, at low frequencies, ohmic is mapped again on ohmic. However, the spectral densities are different at high frequencies. In contrast, sub-ohmic (super-ohmic) dissipation, G(ω) ∝ ω s with s < 1 (s > 1) maps at low frequencies on super-ohmic (sub-ohmic) dissipation, G(ω) ∝ ω s with s = 2 − s. The duality does not relate large ω c to small ω c . When ω c is a relevant frequency scale, the relations (23) are no longer valid. In addition, the concept of 'collapsed' dipoles employed in section 4.1 is not strictly applicable. As a result, the analytic expressions derived in section 4 for the moments and the CGF receive perturbative corrections of order ( sd /ω c ) 2 . The parameter regimes discussed here are experimentally accessible by the state-of-the-art technology of coherent conductor and Josephson devices.
